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Abstract
An affine pseudo-covering f :Y → X of smooth affine varieties is an étale morphism whose image
contains all codimension one points of X. If f splits an étale endomorphism ϕ : X → X as ϕ =
f · g with a dominant morphism g :X → Y , then f and g are affine pseudo-coverings under some
additional conditions which are satisfied when X is the affine n-space An. Motivated by the Jacobian
problem, we consider an affine pseudo-coverings in the case where Y or X is isomorphic to the affine
plane A2.
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0. Introduction
We are motivated by the following problem.
Generalized Jacobian Conjecture. Let X be a normal algebraic variety defined over the
complex field C and let ϕ :X → X be an étale endomorphism. Then ϕ is a finite morphism.
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the confusion of the source X and the target X of the morphism ϕ, we denote it by
ϕ :X1 → X2, where X1 = X2 = X. Suppose that there exists a non-isomorphic, étale endo-
morphism ϕ of X. We are interested in normal algebraic varieties Y which might factorize
ϕ in the sense that ϕ :X1
ϕ1−→ Y ϕ2−→ X2 and that ϕ1 and ϕ2 are étale. We may assume that
they are almost surjective in the sense that the image includes all codimension one points.
In general, given a morphism f :X → Y of normal affine varieties, we say that X is an
affine pseudo-covering of Y if f is almost surjective and étale.
Let ϕ :X → X be a surjective étale endomorphism of an affine variety which is not an
automorphism. There are, in fact, such examples of affine algebraic surfaces [7]. Taking an
arbitrarily high iteration of ϕ, we have an affine pseudo-covering of arbitrarily high degree
of X. If X is isomorphic to An, we are interested in what kind of algebraic varieties are
affine pseudo-coverings of An or what kind of algebraic varieties have An as affine pseudo-
coverings. These points of view are the main motivations of the present article. Since we
need structure theorems on algebraic varieties, we consider these problems mostly in the
case of algebraic surfaces.
If a smooth affine algebraic surface X has A2 as an affine pseudo-covering, then π1(X)
is a finite group and X has log Kodaira dimension −∞. Since X has then an A1-fibration
over the affine line A1 or the projective line P1, the condition π1(X) be finite entails the
data on multiplicities of multiple fibers of the A1-fibration. We shall list up all possibilities
of X in the first section and look into the structures of these surfaces. The Makar-Limanov
invariant or the concept of MLi surface with i = 0,1,2 derived from the invariant plays a
supplementary role in classifying these surfaces. Important classes of surfaces constitute of
affine pseudo-planes, cyclic A1-fiber spaces over P1 and Platonic A1-fiber spaces over P1.
In the second section, we shall consider affine algebraic surfaces which have affine pseudo-
planes as covers of affine pseudo-coverings. In the third section, we consider the existence
of affine pseudo-coverings f :X → A2. In regards to the Jacobian conjecture, it is expected
that a smooth affine surface which has A2 as a cover of an affine pseudo-covering is not a
cover of an affine pseudo-covering of A2.
Some related observations are made in Wright [14] such as the non-existence of étale
morphisms from certain affine algebraic surfaces to the affine plane.
Throughout the article, the ground field is assumed to be the complex field C. A curve C
on a smooth projective surface is called an (n)-curve if C is isomorphic to P1 and (C2) = n.
A (0)-curve C on a smooth projective rational surface defines a P1-fibration for which C is
a fiber. For a smooth algebraic surface X, we denote by ρ(X) the Picard number, i.e., the
rank of Pic(X) modulo numerical equivalence. We assume that Γ (X,OX)∗ = C∗ unless
otherwise stated explicitly. We denote by A1∗ the affine line with one point punctured.
The author is very grateful to Professor R.V. Gurjar for various comments and advice
on this article. The author is also indebted to the referee for improving the statement and
simplifying the proof of Theorem 3.3.
1. Affine pseudo-coverings with A2 as covers
Let X be a smooth affine variety and let f :Y → X be a morphism of algebraic va-
rieties. We say that f is almost surjective if codimX(X − f (Y ))  2 and that Y is an
158 M. Miyanishi / Journal of Algebra 294 (2005) 156–176affine pseudo-covering of X if Y is affine, f is étale and almost surjective. Note that an
affine pseudo-covering is not necessarily an ordinary finite covering. If the field exten-
sion C(Y )/C(X) is a Galois extension, the affine pseudo-covering is called Galois. We are
interested in determining all affine pseudo-coverings of the affine plane. We recall some
known results [7].
Lemma 1.1. Let f :Y → X be a quasi-finite morphism of smooth affine varieties. Sup-
pose that Pic(X) is a torsion group and Γ (Y,OY )∗ = C∗. Then f is almost surjective. In
particular, if f is étale, then Y is an affine pseudo-covering of X.
Proof. It suffices to show that f is almost surjective. Let A (respectively B) be the coordi-
nate ring of X (respectively Y ). Since f is a dominant morphism, we may and shall identify
A with a subalgebra of B via f ∗. Then A is Q-factorial and B∗ = k∗ by the hypothesis. Let
Z be an irreducible subvariety of X of codimension one. Since A is Q-factorial, a multiple
of Z is defined by an element a ∈ A. Namely, p = √aA is the defining ideal of Z. Since
B∗ = k∗, the ideal aB is not equal to B . Let
aB = q1 ∩ · · · ∩ qr
be the primary decomposition of the ideal aB . Since B is normal, each primary ideal
qi (1 i  r) has height one. Let Vi be the subvariety in Y defined by the radical Pi :=√
qi . Let Wi be the subvariety defined by a prime ideal Pi ∩A. Note that Wi ⊆ Z because
p ⊆ Pi ∩ A. It suffices to show that Wi = Z for every 1 i  r . Suppose to the contrary
that Wi is a proper subvariety of Z. Then f |Vi :Vi → Wi is a dominant morphism with
dimVi > dimWi . Hence a general fiber of f |Vi has positive dimension. This is, however,
impossible because f is quasi-finite. 
This lemma implies that if X is a smooth affine variety with Pic(X)Q = 0 and
Γ (X,OX)∗ = C∗, then a quasi-finite endomorphism ϕ :X → X is almost surjective. This
is, in particular, the case for X = An.
Lemma 1.2. Let f :Y → X be an affine pseudo-covering of smooth affine varieties. The
following assertions hold.
(1) The image of the natural group homomorphism π1(f ) :π1(Y ) → π1(X) is a subgroup
of finite index in π1(X). Hence π1(X) is a finite group provided so is π1(Y ).
(2) Suppose that f :Y → X is a Galois affine pseudo-covering with Galois group G :=
Gal(C(Y )/C(X)). Let X˜ be the normalization of X in C(Y ) and let f˜ : X˜ → X be
the normalization morphism. Then X˜ is smooth and Y is a Zariski open set of X˜. The
group G acts freely on X˜ and X is the algebraic quotient X˜/G.
(3) If Y is a rational surface with κ¯(Y ) = −∞ so is X.
Proof. (1) There exists a dense open set U of X such that f induces a finite étale morphism
f |U :f−1(U) → U . Then we have a commutative diagram






where two vertical arrows are surjections and the image of π1(fU ) in π1(U) is a subgroup
of finite index. Hence the image of π1(f ) in π1(X) is a subgroup of finite index.
(2) For any codimension one point P of X the group G acts transitively on the inverse
image f˜−1(P ). Then the purity of branch loci implies that f˜ : X˜ → X is a finite étale
morphism and that X˜ is thereby smooth. Furthermore, the G-action on X˜ is free and hence
X is the algebraic quotient X˜/G (see [13, Theorems 10.12 and 41.1]).
(3) This is clear. 
We shall consider mostly affine pseudo-coverings in the case where Y is the affine
plane. Let X be a smooth affine rational surface with A1-fibration ρ :X → B , where B is a
rational curve. Let Γ0 =∑ni=1 µiCi be its fiber, where the Ci are irreducible components
and the µi are the multiplicities of the Ci in Γ0. Let m = gcd(µ1, . . . ,µn), which we call
the multiplicity of Γ0. If m> 1, we say that Γ0 is a multiple fiber of ρ and write Γ0 = mF0
with F0 =∑ni=1(µi/m)Ci . We recall the following result (cf. [15] and [6, Lemma 4.3]).
Lemma 1.3. With the above notations, let F be a general fiber of ρ, let m1F1, . . . ,msFs
exhaust all multiple fibers of ρ and let Pi = ρ(Fi). Set B ′ = B − {P1, . . . ,Ps}. Then there
exists a short exact sequence
π1(F ) → π1(X) → Γ → (1),
where Γ is the quotient of π1(B ′) by the normal subgroup generated by em11 , . . . , emss with
the ei corresponding to a small loop in B around the point Pi .
As a corollary of this lemma, we obtain
Lemma 1.4. Let X be a smooth affine surface with an A1-fibration ρ : X → B , where B is
isomorphic to either A1 or P1. Suppose that π1(X) is a finite group. Then we have:
(1) When B ∼= A1, there is at most one multiple fiber mF and π1(X) is isomorphic to
Z/mZ.
(2) When B ∼= P1, there are at most three multiple fibers. If there are three of them, say
m1F1, m2F2, m3F3, then {m1,m2,m3} is, up to permutations, one of the Platonic
triplets {2,2,m} (m 2), {2,3,3}, {2,3,4}, {2,3,5}.
Proof. Let m1F1, . . . ,msFs exhaust multiple fibers of ρ. We apply Lemma 1.3, where the
general fiber F is isomorphic to A1. Hence π1(X) ∼= Γ . Supose B ∼= A1. Then π1(X)
is isomorphic to 〈e1, . . . , es〉/(em11 = · · · = emss = 1). Hence π1(X) is a finite group if
and only if s  1. Suppose B ∼= P1. Then π1(X) = 〈e1, . . . , es〉/(e1 · · · es = em1 = · · · =1
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s = 1). Then π1(X) is a finite group if and only if either s  2 or s = 3 and {m1,m2,m3}
is one of the Platonic triplets. 
We are interested in the case where the A1-fibration ρ :X → B has only irreducible
fibers and introduce three kinds of smooth affine surfaces.
Definition 1.5. Let X be a smooth affine surface with an A1-fibration ρ :X → B such that
B is isomorphic to A1 or P1 and that all fibers of ρ are irreducible.
(1) X is an affine pseudo-plane (more precisely, of type d) if B ∼= A1 and there is at
most one multiple fiber dF0. An affine pseudo-plane is a Q-homology plane with
Pic(X) ∼= H1(X;Z) ∼= Z/dZ.
(2) X is a cyclic A1-fiber space over P1 if B ∼= P1 and there are at most two multiple fibers.
Clearly, the Picard number of X is one, and Pic(X)tor ∼= π1(X) ∼= H1(X,Z) which is a
finite cyclic group and Pic(X)/Pictor(X) ∼= H2(X,Z) (see [5, Lemma 1.4]). If there is
at most one multiple fiber, X contains A2 as an open set and hence is simply-connected.
If there are two multiple fibers m1F1,m2F2, π1(X) has order equal to gcd(m1,m2).
(3) X is a Platonic A1-fiber space over P1 if B ∼= P1 and there are three multiple fibers
m1F1, m2F2, m3F3 such that {m1,m2,m3} is a Platonic triplet. The Picard number
of X is one, Pictor(X) ∼= H1(X,Z) and Pic(X)/Pictor(X) ∼= H2(X,Z), while π1(X) ∼=
〈e1, e2, e3〉/(em11 = em22 = em33 = e1e2e3 = 1).
If there is no fear of confusion, we call a cyclic (or Platonic) A1-fiber space over P1 sim-
ply a cyclic (or Platonic) A1-fiber space without mentioning the base curve P1. A smooth
affine surface is called an MLi -surface with i = 0,1,2 if the Makar-Limanov invariant
ML(X) has the quotient field of transcendence degree i over C. For the definition of MLi -
surface and relevant results, we refer to [5,6]. The related results are found in [1,4]. We
only recall the following criteria of MLi property.
Lemma 1.6. Let X be a smooth affine surface and let V be a minimal smooth normal
completion of X. Let D := V −X. Then the following assertions hold.
(1) X is an ML0 surface if and only if Γ (X,OX)∗ = C∗ and the dual graph of D is a
linear chain.
(2) X is an ML1 surface different from A1 × A1∗ if and only if the dual graph of D is not
a linear chain and has a non-admissible maximal twig.
We summarize below the known relations between affine pseudo-planes and MLi -
surfaces.
Lemma 1.7. Let X be an affine pseudo-plane with an A1-fibration ρ :X → B and let
X ↪→ X be a smooth normal completion such that ρ extends to a P1-fibration p :V → B ,
where B ∼= A1 and B ∼= P1. Set D := X −X. Then the following assertions hold.
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(0) − (0) − A
 M
where the linear pencil || defines the P1-fibration p, M is a cross-section and A is a
tree consisting of smooth rational curves with weight −2, and A together with one
(−1) curve (called feather) meeting X becomes a complete fiber of the P1-fibration p.
We can make (M2) to be an arbitrary integer by applying elementary transformations
with centers on .
(2) X is an ML0 (respectively ML1) surface if A is a linear chain (respectively A has
branching components). If A has one branching component, A consists of a linear
chain meeting M plus one side chain consisting of (−2) curves of length r − 1 with
r  2. The closure F 0 is a (−1) curve meeting the tip of this side chain.
(3) If X is an ML0 surface, the universal covering X˜ is an affine hypersurface in A3 =
SpecC[x, y, z] defined by xz = yd − 1 (see [8]).
(4) If X is an ML1 surface and A together with ,M and F 0 has the dual weighted graph
∞ M ′0 E2 Ed E1
(0) − (−1) − (−2) − (−2) − · · · − (−2) − (−d)
|
(−1) − (−2) − · · · − (−2)
F 0 Fr−1 F1
the affine pseudo-plane X is said to be of type (d, r) and denoted by X(d, r). Its
universal covering X˜(d, r) is an affine hypersurface in A3 = SpecC[x, y, z] defined
by an equation
xrz + (yd + a1xyd−1 + · · · + ad−1xd−1y + adxd)= 1
where a1, . . . , ad ∈ C (see [11, Lemmas 1.4.6, 1.4.20] and [9]).
The following lemma will prepare some necessary notations for the later use on cyclic
and Platonic A1-fiber spaces.
Lemma 1.8. Let X be a cyclic or Platonic A1-fiber space with an A1-fibration ρ :X → B
and let X ↪→ X be a smooth normal completion such that ρ extends to a P1-fibration
p :X → B , where B = B ∼= P1. Set D := X−X. We may assume that D contains no (−1)
fiber components of p. Then the following assertions hold.
(1) D consists of a cross-section M of p plus at most three connected trees Ai (1 i  3)
consisting of fiber components of p with weight −2, each of which, complemented
with one (−1) curve meeting X which give rise to multiple fibers miFi of ρ, supports
a degenerate fiber of p. Furthermore, M or M +∑ Ai supports an ample divisor.i
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section in a Hirzebruch surface and hence is an ML0-surface.
(3) Suppose that X is a cyclic A1-fiber space with a single multiple fiber. Then X is an
ML0 surface if and only if either (M2) 0 and A1 + M is a linear chain, or (M2) =
−1 and A1 + M is contractible to a linear chain. X is an ML1 surface if and only if
A1 is not a linear chain and the maximal twig of A1 +M containing M as a tip is non-
admissible. Hence (M2)−1. (See [5,10] for the terminology.) X is ML2 surface if
A1 is not a linear chain and (M2)−2.
(4) Suppose that X is a cyclic A1-fiber space with two multiple fibers m1F1, m2F2. If
both A1 and A2 are not linear chains, then X is an ML2 surface. Suppose that one
of A1, A2, say A1, is a linear chain. Then X is an ML2 surface (respectively ML1
surface) if and only if A2 is not a linear chain and the maximal twig of A1 +M + A2
containing A1 + M is non-empty and admissible (respectively non-admissible) when
it is minimalized. It is an ML0 surface if and only if A1 +M +A2 is minimalized to a
linear chain.
(5) Suppose that X is a Platonic A1-fiber space. Then X is an ML2 surface.
Proof. (1) Note first that any fiber of ρ is irreducible. Let the miFi exhaust all multiple
fibers of ρ. Then the closure F i of Fi is a (−1) curve in the fiber p−1(ρ(Fi)) and Ai is the
reduced divisor on Supp(p−1(ρ(Fi))− F i). It is clear that M (if there is no multiple fiber
in ρ) or M +∑i Ai (if there are multiple fibers) supports an ample divisor because X is
affine.
(2) This follows from a criterion of ML0 property in Lemma 1.6.
(3) Suppose (M2) 0. Then A1 +M is already minimalized. In this case, X is an ML0
surface if and only if A1 + M is a linear chain. If A1 + M is not a linear chain, A1 has a
branching component. Since a maximal twig of A1 + M is non-admissible, X is an ML1
surface by a criterion of ML1 property in Lemma 1.6. Suppose (M2)−1. If (M2)−2,
then A1 +M is minimal and A1 +M cannot be a linear chain. So, X can be either an ML1
surface or ML2 surface. Suppose (M2) = −1. Then A1 +M can be minimalized. The rest
of the assertion follows readily from these observations.
(4) An argument similar to the assertion (3) works here as well. If both A1 and A2 is
not linear chains, we cannot minimalize A1 + M + A2 to a linear chain or to have a non-
admissible maximal twig. Hence X is an ML2 surface. The rest of the assertion is easy to
verify. Note that X can be an ML0 surface if A1 +M +A2 is minimalized to a linear chain.
(5) The assertion follows from [6, Theorem 4.1]. 
We denote by H(d) a cyclic group of order d . When X is an affine pseudo-plane, it is
shown in [9, Lemma 2.6] that the universal covering X˜ of X has a Galois group H(d) and
contains an open set Uω which is isomorphic to A2 and mapped surjectively onto X by the
covering mapping, where ω ∈ H(d). Hence A2 is a Galois affine pseudo-covering of X.
Slightly generalizing this result, we can prove the following result.
Lemma 1.9. Let X be an affine pseudo-plane, cyclic A1-fiber space or a Platonic A1-fiber
space. Then the following assertions hold.
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(i) an affine pseudo-plane;
(ii) a cyclic A1-fiber space with two multiple fibers of equal multiplicity larger than
one;
(iii) a Platonic A1-fiber space.
(2) A2 is not a Galois affine pseudo-covering of X if X is a cyclic A1-fiber space which is
simply-connected.
Proof. (1) Suppose that X is an affine pseudo-plane. Let P0 = ρ(F0), where dF0 is a
unique multiple fiber and let µ : B˜ → B be a d-ple cyclic covering which ramifies totally
over P0 and the point at infinity P∞ of B . Let X˜ be the normalization of the fiber product
X×B B˜ and let f˜ : X˜ → X be the composite of the normalization morphism X˜ → X×B B˜
and the first projection X ×B B˜ → X. Then f˜ is a Galois étale covering, and the multiple
fiber dF0 splits into a disjoint union of d copies of the reduced affine line on X˜ which form
one fiber of the A1-fibration ρ˜ : X˜ → B˜ induced by ρ. Let Y be an open set of X˜ obtained
by removing d −1 copies of them from f˜−1(F0). Then Y is isomorphic to A2 and mapped
surjectively onto X by f˜ .
Suppose next that X is a cyclic A1-fiber space with two multiple fibers dF1, dF2 with
equal multiplicity d . As in the previous case, let µ : B˜ → B be a d-ple cyclic covering
which ramifies totally over Pi = ρ(Fi) for i = 1,2, where B ∼= P1. Take X˜, f˜ : X˜ → X,
ρ˜ : X˜ → B˜ as above. For i = 1,2, f˜−1(Fi) is a single reduced fiber of ρ˜ consisting of d
copies of the affine line. Let Y be an open set of X˜ removing d − 1 copies of f˜−1(Fi) for
i = 1,2 and one smooth fiber of ρ˜. Then it is readily shown that f˜Y :Y → X is a Galois
affine pseudo-covering.
Suppose finally that X is a Platonic A1-fiber space with multiple fibers m1F1, m2F2,
m3F3. Let Pi = f (Fi). Then there exists a finite Galois covering µ : B˜ → B such that µ
ramifies only over the points Pi with ramification index mi for i = 1,2,3 (cf. [2,3]). We
construct X˜ and a finite étale Galois covering f˜ : X˜ → X in the same fashion as in the
previous case. Then X˜ has an A1-fibration ρ˜ : X˜ → B˜ such that f˜−1(Fi) (i = 1,2,3) is
a union of d/mi fibers of the same type of ρ˜, each of which consists of mi copies of the
affine line, where d = deg B˜/B . We remove mi − 1 copies of them from each of these
fibers. Furthermore, we remove one smooth fiber of ρ˜. Thus we obtain an open set Y of X˜
such that Y is isomorphic to A2 and mapped surjectively onto X via f˜ .
(2) Suppose that there exists a Galois affine pseudo-covering f :Y → X such that
Y ∼= A2. Let X˜ be the normalization of X in C(Y ). Then, by Lemma 1.2, the normal-
ization morphism f˜ : X˜ → X is a finite étale Galois covering and Y is an open set of X˜.
Then f˜ is a universal covering because π1(X˜) = (1). Since X is simply-connected by the
hypothesis, it follows that f˜ is an isomorphism. Hence Y is an open set of X containing
all codimension one points of X. Since






OX,P = Γ (X,OX),
where P ranges over all codimension one points of Y (and hence X), we have Y ∼= X.
This is a contradiction because rank Pic(X) = 1. We note that X is simply connected
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In treating affine algebraic varieties, affine pseudo-coverings are more general than or-
dinary finite étale coverings.
Lemma 1.10. Let X be a cyclic A1-fiber space with two multiple fibers m1F1,m2F2. Sup-
pose that m1 | m2 and m2/m1 > 1. Then there exists an affine pseudo-covering f :A2 → X
of degree m2 which is not Galois.
Proof. Let d = m1 and let µ1 :B1 → B be a d-ple cyclic covering ramifying totally
over Pi = ρ(Fi) for i = 1,2, where B ∼= P1. Let X1 be the normalization of X ×B B1,
let f1 :X1 → X be the canonical finite covering constructed as in Lemma 1.9 and let
ρ1 :X1 → B1 be the A1-fibration induced by ρ :X → B . Then f1 is the universal cover-
ing of X. In fact, f−11 (F1) and f
−1
1 (F2) are single fibers of ρ1 consisting of d components
with multiplicities 1 and m2/d , respectively, and hence X1 contains an open set isomorphic
to A2. Let Y1 be an open set of X1 obtained by removing d − 1 components from each of
f−11 (Fi) for i = 1,2 and one smooth fiber of ρ1. Then f1|Y1 :Y1 → X is an affine pseudo-
covering which is surjective. Denote by ρY1 :Y1 → C the restriction of ρ1 onto Y1, where
C ∼= A1. Then ρY1 is an A1-fibration over A1 with one multiple fiber (m2/d)G2 = ρ∗Y1(Q2),
where Q2 is the unique point of B1 lying over P2. Hence Y1 is an affine pseudo-plane. By
Lemma 1.9, there exists an affine pseudo-covering f2 :A2 → Y1 which is surjective. Let
f = (f1|Y1) · f2 :A2 → Y1 → X. Then f is an affine pseudo-covering of degree m2. If f
were Galois, the normalization of X in the function field C(A2) via f would be a univer-
sal covering of X as remarked in the proof of Lemma 1.9. This is a contradiction because
m2/m1 > 1. 
In the foregoing arguments, there are several cases about which we cannot derive any
results. We list these cases below.
Remark 1.11. (1) Let X be a cyclic A1-fiber space with two multiple fibers with respective
multiplicities m1, m2. If d = gcd(m1,m2) > 1 and min(m1,m2) > d , we are not aware of
the existence of an affine pseudo-covering from A2 to X.
(2) A Galois affine pseudo-covering f :Y → X is close to a Galois finite étale covering
in the sense that if X˜ is the normalization of X in C(Y ) and f˜ : X˜ → X is the normalization
morphism, f˜ is a Galois finite étale covering with the same Galois group as f and Y is an
open set of X˜.
(3) Let X be a smooth affine variety of dimension n with finite fundamental group. One
of the fundamental questions on affine pseudo-coverings is whether or not there exists an
affine pseudo-covering f :An → X with arbitrarily high degree. This concerns with the
existence of a counterexample of the Jacobian conjecture for An. If there exists such a
counterexample ϕ :An → An, we could take an arbitrarily high iteration of ϕ as an affine
pseudo-covering.
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covering f :A2 → X with Galois group G. Let Y := A2, let X˜ be the normalization of X
in C(Y ) and let f˜ : X˜ → X be the normalization morphism. Then Y is an open set of X˜
such that X˜ − Y is a disjoint union∐ri=1 Ci of the curves isomorphic to A1. When X is an
affine pseudo-plane, a cyclic A1-fiber space with two multiple fibers of equal multiplicity
or a Platonic A1-fiber space, those curves Ci satisfy the following condition (H) by the
construction given in Lemma 1.9:
g(Ci)∩ h(Cj ) = ∅ if g(Ci) = h(Cj ) for 1 i, j  r and g,h ∈ G.
Furthermore, one translate of each component Ci is a fiber of an A1-fibration ρ :Y → C,
where C ∼= A1. We shall show that the condition (H) entails this construction of an affine
pseudo-covering f :A2 → X.
Lemma 1.12. Let X be a smooth affine surface and let f :Y → X be a Galois affine
pseudo-covering with Galois group G, where Y ∼= A2. Suppose that the above condition
(H) is satisfied. Then there exists an A1-fibration q :Y → C which extends uniquely to the
A1-fibration q¯ : X˜ → B˜ such that the following conditions are satisfied.
(1) The curve B˜ is isomorphic to either P1 or A1, and C is its open set.
(2) The group G preserves the A1-fibration q¯ . Namely, for any fiber component A of q¯ ,
the translate g(A) is a fiber component of q¯ for g ∈ G.
(3) g(Ci) is a fiber component of q¯ for 1 i  r and g ∈ G.
(4) There exists a group homomorphism α :G → Aut B˜ which is injective. Let K˜ be the
function field of B˜ . Then G is the Galois group of the field extension K˜/K , where
K = K˜G.
(5) There exist an A1-fibration ρ :X → B and a finite G-morphism of smooth curves
µ : B˜ → B such that the given morphism f :Y → X factors as f = f˜ ◦ ι and that q¯
coincides with the A1-fibration ρ˜ : X˜ → B˜ induced by ρ, where X˜ is the normalization
of X ×B B˜ , f˜ : X˜ → X is a composite of the normalization morphism X˜ → X ×B B˜
and the canonical projection X ×B B˜ → X and ι :Y → X˜ is an open immersion.
Proof. Since f :Y → X is almost surjective, there exists a translate g(Ci) for some g ∈ G
such that g(Ci) ∩ Y = ∅. Then g(Ci) ⊂ Y , for otherwise g(Ci) ∩ Cj = ∅ for some j
which is a contradiction to the condition (H). Since g(Ci) is isomorphic to A1, Theorem of
Abhyankar–Moh–Suzuki implies that there exists a trivial A1-bundle structure q : Y → C
with g(Ci) as a fiber, where C ∼= A1. Note that if h(Cj )∩Y = ∅ for h ∈ G, then h(Cj ) is a
fiber of q . In fact, we may choose coordinates {x, y} on Y so that the curve g(Ci) is defined
by y = 0 and q is a mapping (x, y) → y. Suppose that h(Cj ) is defined by f = 0. Then
f as well as f − α is irreducible for all α ∈ k by Theorem of Abhyankar–Moh–Suzuki.
Suppose h(Cj )∩g(Ci) = ∅. Then we have f (x,0) = c ∈ k. Namely, f −c = yg(x, y) with
g(x, y) ∈ k[x, y]. Since f − c is irreducible, we must have g(x, y) ∈ k∗. Hence h(Cj ) is a
fiber of q .
Let F be a fiber which is not of the form h(Cj ) with 1  j  r and h ∈ G. Then, for
any g ∈ G, the translate g(F ) meets none of the h(Cj ). In fact, if g(F ) ∩ h(Cj ) = ∅, then
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This is a contradiction to the choice of F . It is now clear that q :Y → C extends to an
A1-fibration on q¯ : X˜ → B˜ , where the parameter space B˜ contains C as a Zariski open set,
hence is isomorphic to A1 or P1.
We shall show the assertion (4). Since G preserves the A1-fibration q¯ : X˜ → B˜ , there
exists a natural group homomorphism α :G → Aut B˜ . We shall show that α is injective.
Suppose that Kerα = (1). Let g be an element of Kerα such that g = 1. Since g acts
trivially on B˜ , it acts on X˜ along fibers of q¯ . Let F be a smooth fiber of q¯ . Then g acts on
F and has a fixed point on F because any cyclic group action on A1 has a fixed point. This
is a contradiction. Hence Kerα = (1) and α is injective.
We shall next prove the assertion (5). Since the Galois group G preserves the fibration q¯ ,
we find a G-stable open set W˜ of X˜ so that W˜ is an open set of Y and W˜ = U˜ × A1,
where U˜ is an open set of C. Consider the G-action (∗) on the generic fiber YK˜ of q as in
the assertion (4). By Theorem 90 of Hilbert, we find c ∈ K˜∗ such that a(g) = c(cg)−1 for
g ∈ G. By replacing x by cx, we may assume that a(g) = 1. Then b(gh) = b(g)+b(h)g for
g,h ∈ G. Hence b(g) = d − dg with d = (∑h∈G b(h))/|G|. By replacing x by x + d , we
may assume that g(x) = x for g ∈ G. Namely, after a suitable choice of the fiber coordinate
x on the generic fiber (hence for all fibers over a sufficiently small open set of B˜), we may
assume that the group G acts trivially on the general fibers of q¯ . We may assume that the
open set W˜ is chosen in such a way that G acts trivially on the factor A1 in the product
W˜ = U˜ × A1.
Let U be the quotient U˜/G. Then W := U × A1 is an open set of X = X˜/G, and W˜ =
W ×U U˜ . The morphism f |W˜ : W˜ → W is induced by the quotient morphism µ : U˜ → U .
Let B = B˜/G. Then the morphism µ extends to a surjective G-morphism µ : B˜ → B ,
where B contains U as an open set and is isomorphic to A1 or P1 accordingly as B˜ is
isomorphic to A1 or P1. We have a birational G-morphism (f˜ , q¯) : X˜ → X ×B B˜ which is
the identity on the open set W˜ . So, by Zariski’s Main Theorem, it is an isomorphism. Hence
X˜ is the normalization of X ×B B˜ . On the other hand, the projection p1 :W → U extends
to an A1-fibration ρ :X → B . Then q¯ is the composite ρ˜ of the normalization morphism
X˜ → X ×B B˜ and the canonical projection X ×B B˜ → B˜ . 
Let X be a smooth affine surface with A2 as a Galois affine pseudo-covering.
Lemma 1.13 implies that the Picard rank dim Pic(X)Q can be arbitrarily big.
Lemma 1.13. Let ρ :X → B be an A1-fibration with B ∼= A1 with one multiple irreducible
fiber and r reducible and reduced fibers. Write ρ∗(P0) = mF0 with m > 1 and ρ∗(Pi) =∑ni
j=1 Fij with connected components Fij for 1 i  r and ni > 1, where F0 and Fij are
isomorphic to A1. Suppose m  ni for all i. Let π : B˜ → B be a cyclic Galois covering
of degree m ramifying totally over P0 and the point at infinity P∞, which is different from
Pi (0 i  r). Let X˜ be the normalization of X ×B B˜ and let ρ˜ : X˜ → B˜ be the composite
of the normalization morphism and the canonical projection, where B˜ ∼= A1. Let Q0 =
π−1(P0) and let π−1(Pi) = {Q(1)i , . . . ,Q(m)i }. Then ρ˜−1(Q0) consists of m affine lines




ij for 1 
i  r and 1    m. Leave only one component among the m affine lines in ρ˜−1(Q0)




ij which is chosen so that the images of
G
()
i (1 m) by f˜ : X˜ → X cover
∑ni
j=1 Fij for each 1 i  r . Let Y be the open set
of X˜ with only one irreducible component left in ρ˜−1(Q0) and ρ˜−1(Q()i ) for 1  i  r
and 1    m. Then Y is isomorphic to A2 and the restriction f = f˜ |Y :Y → X is a
Galois étale pseudo-covering. It is easy to compute dim Pic(X)Q =∑ri=1(ni − 1). Hence
dim Pic(X)Q can be arbitrarily big.
Proof. The proof should be clear from the construction. 
2. Affine pseudo-coverings with affine pseudo-planes as covers
We shall now consider when an affine pseudo-plane is an affine pseudo-covering of a
smooth affine surface. The following result will give a typical example of such an affine
pseudo-covering.
Lemma 2.1. Let X be an affine pseudo-plane of type dn. Let ρ :X → B and dnF0 be an
A1-fibration with B ∼= A1 and its unique multiple fiber of multiplicity dn. Let σ :B ′ → B
be a cyclic covering of order n which ramifies totally over the points P0 := ρ(F0) and the
point at infinity P∞ of B . Let X˜′ be the normalization of the fiber product X ×B (B ′, σ )
and let f˜ : X˜′ → X be the composite of the normalization morphism and the projection
X ×B (B ′, σ ) → X. Then the following assertions hold.
(1) f˜ : X˜′ → X is a finite étale covering with Galois group H(n).
(2) The composite of the normalization morphism and the projection X ×B (B ′, σ ) → B ′
defines an A1-fibration ρ˜′ : X˜′ → B ′.
(3) f˜ ∗(dnF0) =∑ni=1 dF ′0(i) with mutually disjoint components F ′0(i).
(4) Let X′ := X˜′ \ (∐ni=2 F ′0(i)) and let f = f˜ |X′ :X′ → X. Then X′ is an affine pseudo-
plane of type d with an A1-fibration ρ′ = ρ˜′|X′ and f :X′ → X is a Galois affine
pseudo-covering with Galois group H(n).
(5) If X is an ML0 surface then so is X′. But the converse does not necessarily hold.
Proof. Only the assertion (5) needs a proof. Suppose that X is an ML0 surface. Then
there exist a smooth normal completion X ↪→ X and a P1-fibration p :X → B such that
ρ = p|X :X → B is an A1-fibration with B := ρ(X) ∼= A1 and D := X − X is a linear
chain. We may assume that the multiple fiber dnF0 is a feather, i.e., the closure F 0 of
F0 on X is a (−1) component of the fiber p∗(P0) sprouting out of the boundary chain.
Then the normalization W of X in the function field of X˜′ contains X˜′ as an open set and
W − X˜′ is a linear chain though there might be cyclic quotient singular points appearing
over the intersection points of the components of D. After resolving the singularities of W
minimally, we obtain a smooth normal completion V of X˜′ such that V − X˜′ is a linear
chain. Furthermore, the inverse image of F 0 splits into n disjoint copies F ′1, . . . ,F ′n which
are (−1) curves sprouting out of one and the same component of the linear chain V − X˜′.
In fact, the component F 0 meets a component, say D1, of the fiber p−1(p(F )). Denote by
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over p−1(p(F )). If the inverse image of D1 decomposes into several components on V ,
then G would have to contain a loop, which is a contradiction. Hence the inverse image of
D1 is irreducible and the Galois group H(n) acts on the inverse image. Accordingly, the
components F ′1, . . . ,F ′n meets the inverse image of D1. The contraction of F ′2, . . . , F ′n
does not change the linearity of the boundary divisor. So, X′ is an ML0 surface.
By [5, Theorem 4.3], X is an ML0 surface (respectively ML1 surface) if and only if
so is X˜′. We shall construct an example in which X′ is an ML0 surface but X is an ML1
surface. Let X be an affine pseudo-plane with a smooth normal completion X and the
boundary divisor D := X −X whose configuration (with F excluded) is given as
∞ M0 ′0 E2 E1
(0) − (−1) − (−2) − (−2) − (−2)
E5 |




The surface X has a P1-fibration p :X → B defined by a pencil |∞| which induces an
A1-fibration ρ :X → B , where B ∼= P1 and B ∼= A1. The divisor D := ∞ + M0 + ′0 +∑5
i=1 Ei is not linearizable and the component F 0 gives a multiple fiber of multiplicity four
in the fibration ρ. Let B ′ → B be a double covering which ramifies over the points P0 =
p(F 0) and P∞ = p(∞). Let X′ be the normalization of X ×B B ′, let f¯ :X′ → X be the
composite of the normalization morphism and the projection X ×B B ′ → X and let D′ =
f¯ ∗(D)red. Then X′ is a smooth projective surface, f¯ has the branch locus ′0 +E1 +∞ and
D′ is a divisor with simple normal crossings. Let X˜′ := X′ −D′ and let f˜ = f¯ |X˜′ which is
an étale finite double covering. The side chain E3 +E4 +E5 +F 0 lifted up to X′ splits into
two copies of the same chain. In particular, f¯ ∗(F 0) = F ′1 + F ′2 with (−1) curves F ′1,F ′2.
Let F ′i := F ′i ∩ X˜′ for i = 1,2. Then 2F ′1 +2F ′2 is a unique multiple fiber of an A1-fibration
ρ˜′ := p′|X˜′ : X˜′ → B ′ ∼= A1 induced by the P1-fibration p′ on X′ which is the composite
of the normalization morphism and the projection X ×B B ′ → B ′. Let X′ = X˜′ − F ′2 and
let ρ′ :X′ → B ′ is the restriction of ρ˜′ onto X′. Then X′ has a smooth normal completion
obtained from X′ by contracting one of the two copies of E3 + E4 + E5 + F 0 whose
boundary divisor becomes now a linear chain. Hence X′ is an ML0 surface. 
We call the affine pseudo-covering f :X′ → X a cyclic Galois pseudo-covering of
degree n of affine pseudo-planes. We shall next show, under the condition (H) before
Lemma 1.12, that if f :Y → X is a Galois affine pseudo-covering of degree n with an
affine pseudo-plane Y of type d which is an ML1 surface and a smooth affine surface X
then X is an affine pseudo-plane of type dn. For this purpose, we need the following result.
Lemma 2.2. Let X be an affine pseudo-plane with an A1-fibration ρ :X → B and let dF0
be its unique multiple fiber with d > 1. Suppose that X is an ML1 surface. Then there are
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and A1 ∩A2 = ∅.
Proof. Our proof consists of several steps.
(I) With the notations in the proof of Lemma 1.9, we consider a universal covering
f˜ : X˜ → X and an open subset Y of X˜ which is isomorphic to A2. The A1-fibration ρ is
lifted to an A1-fibration ρ˜ : X˜ → B˜ and ρ˜∗(P˜0) is a disjoint sum ∑di=1 F˜ (i)0 of reduced d
components which are isomorphic to A1 and translated to each other by the action of the
Galois group H(d), where P˜0 is the point of B˜ lying over the point P0.
We consider a smooth normal completion V of X such that ρ extends to a P1-fibration
p :V → B . We may and shall assume that the fiber ∞ := p−1(P∞) is smooth. By taking
the normalization of V in the function field of X˜ and resolving minimally the singularities,
we have a smooth normal completion V˜ of X˜ which has a P1-fibration p˜ : V˜ → B˜ and
admits an action of the Galois group H(d). Let S be the cross-section of p which lies in
the boundary D := V − X and let S˜ be the inverse image of S in V˜ . Then S˜ is a unique
cross-section of p˜ lying in the boundary D˜ := V˜ − X˜. In fact, the projection ν : V˜ → V is
not ramifying on (an open set of) the curve S˜. We can contract all components of the fiber
p˜−1(P˜0) except for the closure of the component F˜ (1)0 to obtain a Hirzebruch surface Σn
with the image of S˜, which we denote by the same letter, as a cross-section.
(II) Suppose, to the contrary, that there are two curves A1, A2 as stated above. Then
f˜−1(Ai) (i = 1,2) splits into a disjoint sum∑dj=1 A˜(j)i , where A˜(j)i ∼= A1, where we may
assume that A˜(j)i ∩ F˜ (k) is non-empty (respectively empty) if j = k (respectively other-
wise). Let A˜(j)i be the closure of A˜(j)i in V˜ . Then A˜(j)i − A˜(j)i is a one-place point Q˜(j)i
lying on the fiber ˜∞ := p˜−1(P˜∞), where P˜∞ is a unique point of B˜ lying over P∞. We
may assume, applying elementary transformations with centers S˜ ∩ ˜∞ if necessary, that
the points Q˜(j)i is one and the same point Q˜ for i = 1,2 and 1 j  d , which is not lying
on S˜. Let B˜i be the image of A˜(1)i on Σn. Denote by M˜0 and ˜ the (a) minimal section and a
general fiber of Σn. Since S˜∩ B˜i = ∅, it is easy to show that S˜ = M˜0 and B˜i ∼ ai(M˜0 +n˜)
for some ai > 0.
We shall show that a1 = a2 = a. In fact, Y is the open set of X˜ isomorphic to A2. Note
that the A1-fibration ρ˜ on X˜ induces, by the construction of Y , an A1-fibration ρ˜|Y . We
can find a system of coordinates {x, y} on Y so that the fibers of ρ˜|Y are defined by x = c
with c ∈ k. Consider A˜(1)i (i = 1,2) to be a curve on Y which is isomorphic to A1. Suppose
that A˜(1)1 is defined by h(x, y) = 0 with h(x, y) ∈ k[x, y]. Since A˜(1)2 is disjoint from A˜(1)1 ,
it follows from the embedded line theorem of Abhyankar–Moh–Suzuki that A˜(1)2 is defined
by h(x, y) + b = 0 with b ∈ k, b = 0. Note that a1 = degh(c, y) and a2 = degh(c, y) + b
for a sufficiently general c ∈ k. Hence it follows that a1 = a2.
(III) Let Ai be the closure of Ai on V . Then Ai meets the fiber ∞ := p−1(P∞) in
a one-place point Q := ν(Q˜) which is different from S ∩ ∞. Let σ :V → Σm be the
contraction of the components of the fiber p−1(P0) except for the component meeting S,
which begins with the contraction of a (−1)-component F 0 the closure of F0. Let M0
and  be a minimal section and a general fiber of Σm. Since Ai ∩ S = ∅, it follows that
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A˜
(1)
i ) = dai = da for i = 1,2. This implies that Ai intersects the curve F0 in a points with
multiplicities counted in. The contraction σ produces the same singularities on the images
σ(A1) and σ(A2). Let Λ be a linear pencil on Σm generated by σ(A1) and σ(A2), which
is a linear subsystem of |a(M0 + m)|. Let Λ′ be the proper transform of Λ on V . Then
Λ′ defines an A1-fibration ψ on X. Since X is a Q-homology plane, the A1-fibration ψ is
parametrized by A1. Hence it defines a Ga-action on X whose orbits are transversal to the
fibration ρ. This contradicts the hypothesis that X is an ML1 surface. 
A second proof of Lemma 2.2 due to R.V. Gurjar. Let X1 = X − A1. Since A1 ∼= A1,
e(X1) = 0, where e(X1) is the topological Euler–Poincaré characteristic of X1. This im-
plies that κ¯(X) 1. See [5, Lemma 2.1]. On the other hand, since Pic(X) ∼= H(d), there
exists an element u ∈ Γ (X,OX) such that (u) − dA1 is a divisor supported by V − X.
Hence u is an invertible function on X1. Consider a morphism u :X1 → A1∗ defined by
P → u(P ) for P ∈ X1. Let u˜ :X1 → C be the Stein factorization of u, where C is neces-
sarily isomorphic to A1∗. Now, by the formula of Suzuki–Zaidenberg (see [5, Lemma 1.1]),
we have







where F is a general fiber of u˜ and the Fi range over all singular fibers of u˜. Since e(C) = 0
and e(Fi)− e(F ) 0 for every i, we have e(Fi) = e(F ) for every i. This implies that F is
isomorphic to either A1 or A1∗ and every Fi is isomorphic to F if taken with the reduced
structure (see also [5, Lemma 1.1]).
Now u˜ extends to a morphism v :X → A1 such that v∗(0)red = A1. Meanwhile, since
A1 ∩ A2 = ∅, A2 is a fiber component of v. This implies that u˜ is an A1-fibration and
so is v as well. Then v defines a Ga-action which is different from the one yielding the
A1-fibration ρ :X → B . This contradicts the hypothesis that X is an ML1 surface. 
Now we shall state our result.
Theorem 2.3. Let Y be an affine pseudo-plane of type d with an A1-fibration ρ :Y → B˜ .
Assume that Y is an ML1 surface. Let f :Y → X be a Galois affine pseudo-covering
with X a smooth affine surface. Let G be the Galois group. Let X˜ be the normalization
of X in the function field of Y which has an A1-fibration ρ˜ : X˜ → B˜ such that ρ˜|Y = ρ.
Suppose that the condition (H) is satisfied. Namely, if X˜ − Y =∐ri=1 Ci is the irreducible
decomposition, then g(Ci)∩h(Cj ) = ∅ if g(Ci) = h(Cj ), where g,h ∈ G and 1 i, j  r .
Then X is an affine pseudo-plane of type dn with n = |G|. Furthermore, f is a cyclic
Galois pseudo-covering of degree n in the sense of Lemma 2.1 if n 3.
Proof. Our proof consists of several steps.
(I) Suppose first that X˜ = Y . Then G acts on Y . Since Y is an ML1 surface, it follows
immediately that the G-action preserves the A1-fibration ρ˜. Then G preserves the unique
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this is a contradiction because there are no G-fixed points on X˜. Hence X˜ = Y .
(II) With the notations in the statement, every component Ci (1  i  r) is a translate
gi(Ai) of a curve, say Ai in X˜ with Ai ∩Y = ∅ and gi ∈ G. Then the curve Ai does not meet
X˜−Y by the condition (H). Namely Ai is contained in Y . Let S be the set of G-translates
of the components Ci which intersect Y . The curves in S are not only contained in Y
but also mutually non-intersecting. If N := #(S) 2, it follows from Lemma 2.2 that the
curves in S are all fibers of ρ. Note that if Ai is not a fiber of ρ, Ai meets all fibers of ρ
because Ai has only one place outside Y as Ai ∼= Ci ∼= A1.
Consider the case N  2. Let F be a general fiber of ρ. For g ∈ G, the translate g(F )
does not meet X˜ − Y . In fact, if g(F ) ∩ Ci = ∅, then F ∩ (g−1gi)(Ai) = ∅. This implies
that (g−1gi)(Ai) belongs to S and hence is a fiber of ρ. This is a contradiction. Hence
g(F ) is contained in Y . By Lemma 2.2, this implies that g(F ) is a fiber of ρ. So, the
Galois group preserves the fibration ρ˜. Now regard X as the quotient surface X˜/G. Then
X has an A1-fibration ρ :X → B induced by the A1-fibration ρ˜ : X˜ → B˜ , where B is
the quotient of B˜ under the induced G-action. The above observation that Ci (1 i  r)
is translated to an irreducible fiber of ρ on Y implies that every fiber of ρ is irreducible.
Hence e(X) = 1. Since there is an affine pseudo-covering A2 → Y and since we can choose
a curve isomorphic to A1 in A2 so that its image on X is transversal to the fibration ρ,
we know by Lemma 2.4 below that X is an affine pseudo-plane. Namely, ρ has a unique
multiple fiber.
Consider the case N = 1. Let A be a unique G-translate of the components Ci which lies
in Y . The Galois group G acts transitively on a set of the components {A,Ci | 1 i  r}.
Now consider the quotient surface X = X˜/G. Then X has log Kodaira dimension −∞.
Since e(Y ) = 1, we compute e(X˜) = |G|. Since the quotient morphism f˜ : X˜ → X is finite
and étale, we have e(X) = 1. Hence there exists an A1-fibration ρ :X → B on X which
is parametrized by the base curve B isomorphic to A1 and whose fibers are all irreducible.
Again by the same reason as in the case N  2, X is an affine pseudo-plane.
(III) Let q :Z → X be the universal covering of X which is obtained in the way as
described in Lemma 1.9. Since f˜ : X˜ → X is a Galois étale finite covering, the covering
morphism q splits as q :Z q1−→ X˜ f˜−→ X. Since π1(X) is a cyclic group, the group G is
also a cyclic group of order n. Since Y is an affine pseudo-plane of type d , X is then an
affine pseudo-plane of type dn. Let ρ :X → B be an A1-fibration with B ∼= A1. Then
Z has the A1-fibration ϕ :Z → C induced by ρ, where C ∼= A1 and there is a cyclic
covering C → B of degree dn. Let K be the kernel of the natural group homomorphism
π1(X) → G. Then the K-action on Z preserves the A1-fibration ϕ because so does π1(X)
and hence ϕ descends down to an A1-fibration ϕ/K : X˜ → B ′ on X˜, where B ′ = C/K . In
the step (II), if N  2 then we may assume that ρ descends down from ρ˜. Hence ϕ/K
coincides with ρ˜ and f is a cyclic Galois pseudo-covering of degree n. In the case N = 1,
if one can show that A is a fiber component of ρ˜, we can argue in the same fashion as in
the case N  2 to show that f is a cyclic Galois pseudo-covering of degree n. If A is not a
fiber component of ρ˜, the A1-fibrations ρ˜ and ρ˜ · g with g ∈ G \ {e} are different. So, X˜ is
an ML0 surface. We shall show below that this does not occur if n 3. (This is probably
true in the case n = 2 as well, but we could not give a complete proof in this case.)
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and the dual graph of D := V − X˜ is then a linear chain which is G-stable (see the proof of
[5, Theorem 4.2]). The closure A meets a component, say E, of D. Since Y = X˜−∐ri=1 Ci
has log Kodaira dimension −∞, it follows from [10, Lemma 2.1.3] that D +∑ri=1 Ci has
only smooth normal crossings, where Ci is the closure of Ci . Since Ci is a G-translate
of A, the component E is G-stable and A as well as the Ci meets E transversally. Fur-
thermore, (A2) = (C 2i ) for 1  i  r . Since n = r + 1  3, E is a branching component
of D +∑ri=1 Ci . If (A2) > 0, we have a contradiction to the Hodge index theorem. If
(A2) = 0 then there is an A1-fibration q : X˜ → P1 defined by a linear pencil |A| for which
Ci is a fiber. Since r  2, it follows that Γ (Y,OY )∗ = C∗. This is a contradiction. Hence
(A2) < 0. Suppose (A2)−2. Since Y is an ML1 surface, the divisor D +∑ri=1 Ci has
a non-admissible maximal twig which is a part of the divisor D (cf. Lemma 1.6). Forget-
ting the G-action if necessary and applying the blowing-ups and downs with centers on D,
we may assume that the tip of the maximal twig is a (0) curve. Let q ′ :Y → A1 be an
A1-fibration defined by the (0) curve. Then either E +∑ri=1 Ci is contained in a fiber of
the corresponding P1-fibration or the maximal twig consists of the (0) curve meeting E.
In the first case, q ′ coincides with the given A1-fibration ρ on Y because Y is an ML1
surface and the curve A is contained in a fiber of ρ. This is a contradiction. In the second
case, we have q ′ = ρ as well and ρ has two or more multiple fibers because (C 2i )−2 for
1 i  r . So, we conclude that (A2) = −1. Then the contraction of the Ci yields a linear
boundary at infinity of Y , and Y is therefore an ML0 surface. This is a contradiction. 
We used the following result in the above proof.
Lemma 2.4. Let X be a smooth affine surface with an A1-fibration ρ :X → B , where B
is isomorphic to A1. Let {m1F1, . . . ,mnFn} exhaust all multiple fibers of ρ which are not
necessarily irreducible. Suppose that n  2. Then there are no non-constant morphisms
from A1 to X whose image is transverse to the given A1-fibration ρ. In particular, there
are no A1-fibrations whose general fibers are transverse to the given A1-fibration ρ.
Proof. Let ϕ :A → X be a non-constant morphism whose image is transverse to the given
A1-fibration ρ, where A ∼= A1. Let V be a smooth completion of X such that D := V −
X is a divisor with simple normal crossings and ρ extends to a P1-fibration p :V → B ,
where B ∼= P1. Then D contains a cross-section S of p and the other components of D are
contained in the fibers of p. We may assume that the fiber F∞ := p−1(P∞) is a smooth
fiber, where {P∞} = B − B . Let A be the closure of the image ϕ(A) in V . Then A meets
the fiber F∞, for otherwise ϕ(A) is contained in a fiber of ρ. Since A ∼= A1, the composite
of the morphisms ρA := ρ · ϕ :A → B is surjective. Choose coordinates x, y of A,B ,
respectively. Then y = f (x), where y is identified with (ρA)∗(y) and f (x) is a polynomial
in x. Let ρ(Fi) be defined by y = ai for i = 1,2. Then y − ai = (fi(x))mi for some
non-constant polynomial fi(x). Then we have a polynomial relation f1(x)m1 −f2(x)m2 =
a2 − a1. Let m = gcd(m1,m2). We consider the cases m> 1 and m = 1 separately.
Suppose that m > 1. Set mi = mni for i = 1,2. Then g1(x)m − g2(x)m = a2 − a1 = 0,
where gi(x) = fi(x)ni . Then we have
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) · · · (g1(x)− ζm−1g2(x))
= a2 − a1,
where ζ is a primitive mth root of unity. Since this is a polynomial identity, it follows that
g1(x)−ζ i−1g2(x) = ci = 0 for 1 i m−1. Since m 2, g1(x) and g2(x) are constants.
This is a contradiction.
Suppose that m = 1. We may assume that m1 < m2. Let C be an affine curve
in A2 defined by Xm1 − Ym2 = 1 and let C be a projective plane curve defined by
Zm2−m1Xm1 − Ym2 = Zm2 . Then the relation f1(x)m1 − f2(x)m2 = a2 − a1 implies
that there is a non-constant morphism ϕ :A1 → C. We shall show that the curve C is
irrational. The affine curve C is smooth, and the curve C has a singular point Q de-
fined by (X,Y,Z) = (1,0,0). The singularity type at Q is a cuspidal singularity of type
z1 − yn = 0, where 1 = m2 − m1 and n = m2. By the Euclidean algorithm, define pos-
itive integers 2, . . . , s and a1, . . . , as by n = a11 + 2 (0 < 2 < 1), 1 = a22 + 3
(0 < 3 < 2), . . . , s−2 = as−1s−1 + s (1 = s < s−1), s−1 = ass , s = 1. Then
the multiplicity sequence at Q is {a11 , a22 , . . . , as−1s−1 }, where a signifies that the singular
points of multiplicity  appear a-times consecutively along the successive blowing-ups.




(n− 1)(n− 1 − 1).
Since n > 1 and since n = 1 + 1 implies m1 = 1, we know that g > 0 and C is irrational.
Then the existence of the non-constant morphism ϕ :A1 → C is a contradiction. Hence
there are no A1-fibrations whose general fibers are transverse to ρ. 
Remark 2.5. The proof of Theorem 2.3 becomes easier if one assumes that ρ(X) :=
rank Pic(X) = 0. In fact, X then has an A1-fibration ρ :X → B with B ∼= A1. Since π1(Y )
is finite, Lemma 1.2 implies that π1(X) is finite, hence X is an affine pseudo-plane by
Lemma 1.4. Furthermore, since we have a natural exact sequence
(1) → π1(X˜) → π1(X) → G → (1),
where G is the Galois group of the affine pseudo-covering f :Y → X, we know that G is
a cyclic group of order n and that π1(X) is a cyclic group of order dn, where d = |π1(X˜)|.
3. Affine pseudo-coverings of A2
It is almost clear that a Galois affine pseudo-covering of a topologically simply-
connected smooth algebraic variety is trivial, that is to say, the covering morphism is an iso-
morphism. In fact, let f :Y → X be a Galois affine pseudo-covering, where π1(X) = (1).
Let f˜ : X˜ → X be the induced Galois étale finite covering, where Y is an open set of X˜ and
f is the restriction of f˜ onto Y . Then f˜ is an isomorphism because π1(X) = (1). Hence
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follows that X = f (Y ). There are, nonetheless, non-trivial affine pseudo-coverings of the
affine space. We just give few examples in the case of A1. It is obvious that we can produce
various examples of affine pseudo-coverings of An by taking direct products.
Example 3.1. Let C be a smooth cubic curve in P2. Let P be a flex of C and let P be the
tangent line of C at P . Choose a point Q on P such that Q = P and that the other tangent
lines of eight other flexes do not meet P on Q. Consider the projection of P2 to P1 with
center Q. Since every line  through Q other than P meets the curve C either in three
distinct points or in two distinct points with intersection multiplicities 1 and 2, we obtain
an open set Y of C by omitting the point P and the four points where the line through Q
meets C with intersection multiplicity 2 and a surjective étale morphism f :Y → A1 by
restricting the projection onto Y . This morphism has degree 3 and is non-Galois.
Example 3.2. By the same construction as above, we can assume that Y is rational. In fact,
start with a cuspidal cubic X20X2 = X31 and take the point Q := (0,1,1) as the center of
the projection. The lines through Q are given by {aX0 = X1 −X2 | a ∈ k∪ (∞)}. Let Y be













removed off and let f be the restriction of the projection from Q onto Y . Then f :Y → A1
is a surjective étale morphism.
The following result shows that some of the surfaces appearing in Definition 1.5 cannot
be affine pseudo-coverings of A2.
Theorem 3.3. Let X be either an affine pseudo-plane which is an ML0 surface or a Pla-
tonic A1-fiber space. Then there are no étale morphisms from X to A2.
Proof. We first treat the case where X is an affine pseudo-plane which is an ML0 surface.
Let f :X → A2 be an étale morphism which we do not have to assume to be almost surjec-
tive. Let p :S → X be the universal covering, where S is an affine hypersurface xz = yd −1
in A3. We refer to [8] for relevant results (cf. Lemma 1.7). Let ϕ = f ·p. Then ϕ :S → A2
is an étale morphism. We show that such ϕ does not exist. Note that the canonical divisor
KS is trivial and Γ (OS)∗ = C∗. By a straightforward computation, one can show that a
differential 2-form ω = (1/yd−1)dx ∧ dz is an everywhere nonzero regular form. On the
other hand, since ϕ is étale, there exist elements f,g of Γ (OA2) such that ϕ∗(df ∧ dg)
is an everywhere nonzero regular 2-form. Hence we have ω = cϕ∗(df ∧ dg). Meanwhile,
there exists a free H(d)-action given by (x, y, z) → (ζx, ζ ny, ζ−1z), where ζ is a primi-
tive d th root of unity and 0 < n< d . Then ζ(ω) = ζ−n(d−1)ω and ϕ∗(df ∧ dg) is invariant
under this H(d)-action because ϕ splits via X. So, n(d − 1) is divisible by d , which is not
the case.
Next consider the case where X is a Platonic A1-fiber space. By Definition 1.5, X has
an A1-fibration ρ :X → B ∼= P1 whose fibers are all irreducible. There are three multiple
fibers m1F1, m2F2, m3F3 of ρ, where {m1,m2,m3} is a Platonic triplet. Let Pi = ρ(Fi)
(1 i  3). Then there exists a finite Galois covering τ : B˜ → B such that τ ramifies over
Pi with ramification index mi for 1 i  3 and B˜ is isomorphic to P1 (cf. [3]).
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out the subsequent argument in the proof, we assume that KX ∼=OX .
Let Z be the normalization of the fiber product (X,ρ) ×B (B˜, τ ) and let h :Z → X
(respectively ρZ :Z → B˜) be the composite of the normalization morphism and the first
(respectively second) projection from X ×B B˜ onto X (respectively B˜). Then h is a finite
étale covering, and every fiber of ρZ lying over one of the fibers F1, F2, F3 of ρ is a
disjoint union of the reduced affine lines. Let Y be an open set of X obtained by removing
all but one irreducible components from every reducible fiber of ρZ . Let g :Y → X and
ρY :Y → B˜ be the restrictions of h and ρZ onto Y . Then g is étale and surjective, and all
fibers of ρY are irreducible and reduced. So, ρY :Y → B˜ is an A1-bundle. Furthermore,
since Z is an affine surface as a finite covering of the affine surface X and since Y is
obtained from Z by deleting the components of codimension one, Y is an affine surface.
The hypothesis KX ∼= OX implies that KZ ∼= OZ since h :Z → X is étale, and hence
KY ∼=OY .
The following result is crucial in the proof.
Lemma 3.4. The affine surface Y is isomorphic to P1 × P1 − ∆, where ∆ is a diagonal.
Furthermore, Y is isomorphic to an affine hypersurface {xz = y2 − 1} in A3.
Proof. Since ρY :Y → B˜ is an A1-bundle, there exist a relatively minimal ruled surface
W and an ample cross-section T such that Y is isomorphic to W − T . Identify W with a
Hirzebruch surface Σn. Then T ∼ M + a with a > n, where M is a minimal section and
 is a fiber of Σn. Since
KW ∼ −2M − (n+ 2) ∼ −2T + (2a − n− 2)
and since KY ∼ 0, it follows that 2a = n + 2. Since a  n + 1, we have n = 0 and a = 1.
Namely, W is isomorphic to P1 × P1 and T is a diagonal. It is now well known that Y is
isomorphic to the hypersurface {xz = y2 − 1}. 
Now consider an affine pseudo-covering f · g :Y → X → A2. By the argument in the
first case, we have a contradiction. This completes the proof of Theorem 3.3. 
Theorem 3.3 asserts, in fact, the following result.
Theorem 3.5. Let X be either a Q-homology plane which is an ML0 surface or a Platonic
A1-fiber space. Then there are no étale morphisms from X to an affine surface with trivial
canonical divisor.
We shall next consider the case of affine pseudo-planes.
Theorem 3.6. Let X be an affine pseudo-plane of type (d, r) (cf. (4) of Lemma 1.8). If
r = 2 and d  (r − 2), then there are no étale morphism from X to A2.
Proof. Let ρ :X → B be the given A1-fibration with a multiple fiber dF0, where B ∼= A1.
A simple computation using the smooth compactification (V ,D) in [9, Definition 2.1]
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KX is linearly equivalent to (r − 2)F0. Hence KX  0 unless r = 2. If there is an étale
morphism ϕ :X → A2, then KX is the inverse image of the canonical divisor of A2. Hence
KX ∼ 0. So, we obtain the stated assertion if r = 2. 
If there is an affine pseudo-covering f :X → A2, then the differential module Ω1X is
trivial because Ω1X ∼= f ∗(Ω1A2). So, one may think of using this fact to deny the existence
of f . But Ω1X is a direct sum of an invertible sheaf and OX by virtue of a result due to
Murthy–Swan [12]. So, Ω1X is trivial if and only if KX ∼ 0.
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